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Part 1

Prediction



Chapter 1

The prediction problem

Let’s consider a sequence ordered by ¢: v(t —1),v(t — 2),.... Can we predict the value of v(t)?

T A

T ?

2 t—2 t—1 t t

- —e

Suppose that we don’t know how the data has been generated.

1.1 Symbolism

The unknown datum v(t) represents the value that v will assume at time ¢. However, we need to distin-
guish between the actual value in that moment and the one resulting from out estimation, which is 9(t)

The notation 0(t|t — 1) describes the estimate of v at time ¢, given the past values at time ¢t — 1, ¢ — 2,
... that are all the past values up to ¢t — 1. In this case, it is called 1-step-ahead predictor.

1.2 The linear predictor

We can build a linear predictor, which is a predictor obtained by computing o(¢|t — 1) as a linear
combination of the samples. We can build a finite memory linear predictor: a predictor computed as a
linear combination of the last n samples:

O(tt—1)=ar-v(t—1)+az-v({t—2)+ ...+ ay-v(t —n)

We then need to find a criterion to estimate the values of aq, as, ..., a,.
After fixing all the parameters, we can compute the prediction error

e =v(t) — d(tt — 1)

Because v(-) and 9(-) change over time, £(-) changes too. More specifically, since v(-) is a stochastic
process, (+) is stochastic, too.

Let’s analyze the properties of £(-) leading to a good predictor. The best case would obviously be an
error always equal to zero. This is very often impossible. But we can also consider the following two
cases:

e The prediction error as mean different from zero. We can easily obtain a better predictor by shifting
the values of v(+) by the mean to obtain a prediction error with zero mean.

5



6 CHAPTER 1. THE PREDICTION PROBLEM

e The prediction error has zero mean, but we can see that its sign changes at each time step. We
can obtain a better predictor because at each following time step we know that the prediction is
wrong because of either an overestimation or an underestimation.

JENAS SRSNESS

t

(a) Sequence with positive mean (b) Sequence with alternating sign

Our aim is then to obtain a fully unpredictable error. This type of error is called white noise
£() ~ WN(0,7%)

Where the two parameters are, respectively, the mean and the variance of £(-).
Let’s suppose that e(-) is indeed a white noise. From the definition of prediction error

e(:)=wv(t) —o(t|t — 1)
We can then obtain
v(t) =0t —1)+e(t) =ar vt —1)+ ...+ an - v(t —n) +e(t)

The equation above is a discrete difference equation having v(-) as a unknown variable, which can be
seen as the output of a linear system with input e(-).

—> W(z) —>

Starting from the equation we can obtain the transfer function W(z) by introducing the operator z.
Note that

z-u(t) =v(t+1) (1-step-ahead forward operator)

z () =v(t—1) (1-step-ahead backward operator)
2" u(t) =v(t+n) (n-step-ahead forward operator)
27" u(t) =v(t—n) (n-step-ahead backward operator)

We can hence have:

= (l-az ' —az?— .. —az " wlt)=¢t) =
v(t) 1 2"
= Wiz)=—+=
(2) e(t) l—aiz7l—agz72—...—apz™™ 2" —a12" 1 —..—a,

Note that z is a complex variable.
We can now compute the zeros and poles of the transfer function:

e the zeros are the values for which the numerator of W(z) is equal to zero. The result is n zeros at
the origin.

e the poles are obtained by forcing the denominator of W(z) to zero. The result is n poles that can
be in any position of the space, with the constraint that if there is a complex pole, there is also its
conjugate.

In conclusion, to obtain a good linear predictor, we need to describe the exact signal as the output of a
system with a transfer function described as above and with a white noise as input.



Chapter 2

Random concepts

2.1 Random variable

A random variable v(s) is a real function of a random event, associated to the outcome s of a random
experiment.

Mean, average or expected value

The mean of a random variable is always a real number
Epv]=m=7

It has the following property: Elai - v1 + ag - v2] = a1 E[v1] + a2 E[vs], with vy, v9 random variables and
a1, as real numbers.

Variance

The variance of a random variable is a non-negative real number
Var[v] = E[(v — E[v])?] = \* = 0% = i?

For two variables v; and ve, the square root of the variance (standard deviation) can be expressed
respectively as A1; and Ago.

Covariance (or cross-variance)

Given to random variables v; and vy, the covariance between these two variables is

Az = Ag1 = Ef(v1 = Efor])(v2 — Elva])]

Property

In case of a random variable with Gaussian distribution v ~ G(m, A\?), in 95% (99%) of cases, v will take
value in the interval m + 2X\ (m + 3)\).

2.2 Random vectors

A random vector is a set of random variables. It is represented as a column vector

=[]

Mean
The mean value of a random vector is the vector of the means of its values
Efv1]
Elv| =
o= o]

7



8 CHAPTER 2. RANDOM CONCEPTS

Variance

The variance of a random vector of length n is a symmetric matrix of size n x n. For n = 2

Verto = [y 32

The i*" element of the main diagonal is the variance of the i*" component of the random vector, while
the (i,7) positions contain the value of the cross-variance of the i*" and j* component of the random
vector.

Some remarks:

Then the variance can be written as

Properties

Var[v] is a positive semi-definite matrix.
This means that the quadratic form is a positive semi-definite matrix A

fler,x9) = [21 a2] A [‘”1]

T2

For n = 2, we note that A is a conic function of the following type.

2%+ 2 x? -y

(definite) (semidefinite) (indefinite)

A > 0 = positive semi-definite and, thus, det A > 0.
Which implies that
Midoz — A2do1 >0 = Ajpdog — A3, >0
Covariance coefficient

The covariance coefficient of a random vector of length 2 is

- A12
P iy e

Given that the variance is a positive semi-definite matrix we can conclude that
lpl <1

In particular, if p = 0, then v; and v are uncorrelated.

Example
Given the random variables vy, vo related by vo = aw;.
Given that Elv1] =0 and Var[vi] = A11.
Then
Elvs] = Elavi] = aE[n1] =0

)\12 = E[’Ull}g] = E[vlavﬂ = OZE[U%] = Oé)\ll



2.3. STOCHASTIC (OR RANDOM) PROCESS 9

Ao = E[(av1)?] = ?E[vl] = o®\13
A12 ali o {+1 ifa>0

la] “1-1 ifa<o

p = = = =
Vaivase  VAnvae2in o o

Example extended
Consider the following case:

Vg = QU] + €

Where e is a random variable with 0 mean and variance p? (noise).
If we want to find p as a function of 2, we obtain that if u? = 0, then |p| = 1 and then |p| starts to
decrease until it reaches 0 as u? increases.

2.3 Stochastic (or random) process

A random process is a countable set of random variables. Hence, a random variable is usually indexed
by ¢ and it is represented as v(t).

However, this notation doesn’t highlight the fact that it is a function depending also on the outcome s
of a random experiment. For this reason, the following notation can be used:

v(t, s)
By fixing the time ¢ we obtain a random variable v(,s) = v(t, -).

By fixing the outcome § we obtain the process realization v(t,5) = v(-, s).

Mean
m(t) = Esfv(t, s)] = E[v(t)]

The mean value doesn’t depend on s. Thus, the mean is computed over all possible outcomes. It can
change over time:

m(t) m(t) m(t)

v

v

v

(a) Periodic (b) Linear (c) Fluctuating

Variance

Varlu(t)] = E[(u(t) —m(t))*] = \(1)

Covariance (or cross-variance)

The covariance is obtained by considering two values of v at different times ¢; and ¢5.

V(i t2) = El(v(t1) = m(t)) - (v(t2) — m(ta))]

2.4 Stationary process

A stationary process is a random process in which:
1. The mean value m(t) is constant
2. The variance A\?(t) is constant
3. The covariance v(t1,t2) depends only on 7 = to — ;.

The ~(t1, t2) notation is called double index, while the v(7) notation is called single index.
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Properties

1. The covariance at 7 = 0 is equal to the variance of the process at time ¢
9(0) = ~(t, 1) = E[(v(t) — m(t))(v(t) — m(1)] = Bl(v(t) — m(t))*] = X*
Hence v(0) >0
2. 7 is an even function of 7
Yt t2) =7(t2,t1) = A(=7) =7(+7)
3. The absolute value of the covariance is never greater than ~(0)

(1) <~(0)

2.4.1 White noise

The white noise n(t) ~ WN(m, A?) can now be defined as a stationary process with:
1. Ev(t)]=m, Wt
2. Varfp(t)] = A2, Vt

y(@)

The fact that the covariance function is zero everywhere except for the origin means that the notion of
the past is not informative to know the future (whiteness property).



Chapter 3

AR, MA and ARMA Processes

3.1 MA Processes
3.1.1 MA(1) process
Given n(t) ~ WN(0,\?) and a process with the following behavior:
v(t) = con(t) + ein(t — 1), co,c1 €R

This type of process is called MA(1), that is Moving Average of order 1.

Mean value

Elv(t)] = Eleon(t)] + Elean(t —1)] =co-0+¢1-0=10

Variance

con(t ) |+ Elein(t — 1)%] + E[2 - cocrn(t)n(t — 1)]
=N+ AN 40
= (cg +cD)N?

Covariance

v(t1,t2) = El(v(t1) — Efv(t1)])(v(t2) — Elv(t2)])]
= E[(con(t1) + cin(ts — 1))(con(tz) + cin(tzs — 1))]
= G En(t1)n(t2)] + A En(ty — 1)ty — 1)] + crcoEn(ty — 1)n(t2)] + coc1 E[n(t)n(tz — 1)]

By considering that the noise at time ¢ is completely uncorrelated with the noise at time ¢ - 1, ¢t + 1, ¢
- 2, t + 2,... we can distinguish:

].. IftQ:t1:|:].I’y(t,t+1):’Y(tf].,t):0+0+0100>\2+0:C()61)\2
2 Ity =t £2:y(t,t+2) =y(t—2,1) =0

3. IftQZtl :|:3’y(t,t+3):’)/(t*3,t):0

4. ..

In conclusion we obtain a stationary process, but in this case, it is not a white noise, because the
covariance is not 0 for the values £1.
In summary:

11



12 CHAPTER 3. AR, MA AND ARMA PROCESSES

e Ev(t))=0, WVt

o Var[v(t)] = (3 + )N\, Wt

0 if |t1 — t2| >1
C()Cl/\2 if tg = tl +1

o Y(t1,t2) = {

y(@
(2 +cHA*
cocllz

By moving to the z domain we obtain
v(t) = con(t) + et — 1) = con(t) + 12 'n(t) = (co + 12 )n(t)
Then the transfer function W(z) is

1
W(z)=co+crz7" = co ta- = @

We have one pole at z = 0 and one zero at cpz +c¢1 =0

- o

-

e

3.1.2 MA(n) process
We can extend the previous reasoning to a MA(n) process:
v(t) = con(t) + et — 1) + ... + cpn(t — n)
v(t) = (co+crz7t 4+ o+ epz ™)n(t)
The transfer function is, thus:

W(z) 7004‘612714’_ de 2 = COZn+Clzn71 +...4+cy,
- vee n —

ZTL

Resulting in n zeros depending on the values of the ¢ coefficients and n poles all in the origin.
The class of MA processes is a class of stationary processes, with the following characteristics.

e Efu(t)] =0

o Varlv(t)] = (c§ + cf + ... + cp)\?

o ¥(1) = (coc1 + c1c2 + oo + Cuo16) A2
Y(2) = (coc2 + €163 + .. + Cp_oCn) N2

y(£n) = coepA\?

o y(+k)=0, k>n
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3.1.3 MA(oc0) process

Let’s now consider the case in which the output signal is a linear combination over an infinite number
of time steps.

v(t) =con(t) +eant—1) + ...+ cpmt —n+ 1)+ cun(t —n) + cppn(t —m—1) + ...

The variance is:
Varfv(t)] = (2 + et + 2 +..)\?

The values of the covariance are the same as in the MA(n) process, but in this case there is no value of
k > n for which the covariance is 0.
For the variance to be finite, we need to verify that the following series is finite:

—+oo
cg—i—cf + ... = Zc?
i=0
If so, (7) is guaranteed to be always finite because of the relation |y(7)| < ~v(0).

3.2 AR Processes

3.2.1 AR(1) process
The behavior of an AR(1) process with n ~ W N (0, A?) is described as follows:
v(t) = av(t — 1) + ()

This process can be analyzed by using three different methods.

First method
We can observe that an AR(1) process can be expressed as a type of MA(c0).

v(t) = av(t — 1) + n(t) = alav(t — 2) +n(t — 1)] 4+ n(¢)
= a*[av(t — 3] +n(t —2)] +an(t — 1) +n(t)

=n(t) +an(t —1) +a’*n(t —2) + ... +a™v(t — n)

MA (c0)

v(t) is hence an MA (o0o) with ¢; = a® only if the last term is brought to zero. This is achieved by applying
the constraints |a| < 1, for which a™v(t —n) — 0.
We also need to check if the variance is finite. As previously seen we need to compute:

+oo +oo

2 21
> =) a
=0 =0

which is a geometric series, convergent if |a| < 1. Under this hypothesis, the series is:

—+oo
9 _ 1
Za T 1—a2
=0
Finally, if |a| < 1, then v(t) is a stationary process with variance:
2, 2 2 2 S 2 ) 42 A?
Varp(t)] =v(0) =[c§+cf + ... + ¢, + .. ]\ = ;a LA = -2
And covariance:
1
(1) = (cocr + crco + cocs + )N = (a + aa® + a?a® + .. )N =a(l +a® +a' +.)N =a——\?

T 1 —a?
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1
7(2) = (coca + cre3 + .. )A? = a? a2 22
In general:
/\2
7(r) = ally(0) =l -5
0<a <1 -1<a; <0
(@) y(@)
e @ ? T T T e ® T ? e
| T ¢ | ' T

Second method: Yule-Walker equations

Another possible method makes use of the Yule-Walker equations.
Var[v(t)] = E[v(t)’] = E[(av(t — 1) +0(1))’] = a®Elv(t — 1)*] + E[n(t)*] + 2aE[v(t — 1)n(t)]

Where E[v(t — 1)n(t)] is the correlation between v(t — 1) and n(t). We know that v(¢t — 1) depends on
n(t — 1),n(t — 2),... but given that n(-) is a white noise, it is not correlated with any other values at
previous times. Thus, v(t — 1) and 7(t) are uncorrelated.
Furthermore, v(-) is a stationary process, so Var[v(t)] = Var[t — 1] = v(0).
We obtain, from the first equation:
)\2
Varjv(t)] = v(0) = a*>y(0) + N2 4+0 —  ~(0) = 1= a2

Let’s now consider (7). We start from the usual expression for v(t) and we multiply each term by
v(t —7)

v(t)v(t —7) = av(t — Dv(t — 1) + n(t)v(t — 1)
We compute the covariance.

Ep)v(t — 1) =aEn({ — vt — 1) +ERt)v(t —7)]

~(7) v(r=1)

For the same reasoning above, v(t — 7) depends on n(t — 7),n(t —7—1),..., so if 7 > 0, v(t — 7) and 7(t)
are uncorrelated.

y(T)=ay(r—1), Yr>0

By combining the two results we obtain the Yule-Walker equations:

’Y(O) = 1—1a2 A2
y(r)=ay(r—1), Vr>0

And we obtain the same expression of the first method

.
_ar
1—a?

¥(7)
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Third method: long division
With this methods, we aim at expressing the transfer function in the form:
W(z)=co+ciz t +coz™+ ...

From the behavior description of the system we can obtain the expression of the transfer function of the

AR(1).

1
—
~
~—
I
Q
<
—
~
|
—

) +n(t) = az" o(t) +n(t)
W(z):@— 1L _ =

nt) l1—az! z-—a

We can perform the long division between the numerator and the denominator of W (z).

1 1—az"!
1 —az! 1+az"!
/  az7!
az—l  _qg2,2 (3.1)
/ a?z72

And so on, we obtain:
W(z)=1+az ' +a?272 + ...

Which is equal to the transfer function of a MA(co) process, by setting ¢; = a’:

2

W(z)=co+crz 4oz + ...

In general, given any transfer function, we can always write it as above, with the coefficients found with
the long division algorithm (that now we will call with the generic notation w;).
Let’s analyze the meaning of these coefficients. By representing the system with a block scheme

v
— W(z) —>»
Assume the noise to be a discrete time impulse:
1 t=20
t) =imp(t) =13
(o) = imp(t) {07 0
y (1)
}.2
T

The corresponding output v(t) is the impulse response:
v(t) = won(t) + win(t — 1) + ...

For t = 0 we have:
v(0) = wen(0) + win(—1) + ...
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But if 7 is an impulse, we have that v(0) = wy.
For t =1 we have:
v(1) = wen(1) + win(0) + ... = wy

And so on. Thus, in the transfer function
W(z) =wo+wz b+ ...

wp can be interpreted as the impulse response of W(z) at time ¢ = 0, wy as the impulse response of
W(z) at time t =1, ...

As always, v(t) is stationary when w3 + w? + ... is finite, which can be ensured by checking that the
system is stable (i.e. all the poles of W (z) have absolute value < 1).

3.2.2 AR(n) process

Let’s consider a generic autoregressive model of order n.
v(t) =arv(t — 1) + agv(t — 2) + ... + apv(t — n) + n(t)
We can obtain the value of the transfer function from the model in operator form, as we have done for
the AR(1).
v(t) = a1z w(t) + azz " 2v(t) 4 ...+ anz”"0(t) + n(t)
(1—a1z7' —apz™2 — ... —anz ")v(t) = A(2)v(t) = n(t)
1 z"

v(t) =W(z)n(t) — W(z)= =

A(z) 2zt —a1z7l—..—a,

By now seeing z as a complex variable, W (z) is the transfer function from n(t) to v(¢), with:
e 2" =0: n zeros all in the origin

o 2" —a;z2" ' — ... —a, = 0: n poles depending on the values of a;.

Note that if all poles are located inside the unit disk, then v(-) is stationary.

/~
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3.3 ARMA processes
3.3.1 ARMA(n,,n.) process

It is are a family of processes that includes all the AR and MA processes:

v(t) = a1v(t — 1) + agv(t — 2) + ... + ap, v(t — ng) +con(t) + cin(t) + ... + cn 0t — ne)

AR MA

Where n, is the order of the AR part and n. is the order of the MA part.
The transfer function can be computed as follows:

v(t) = a1z () + o F an, 20 (t) + con(t) F ez () o F e,z on(t)

(1—a1z7t — o —an, 2™ )o(t) = (co+ 1zt + ez ™)) —  Az)u(t) = C(2)v(t)
_C(2)  co+ 127 ey 2
W(z) = Alz)  1—ayz7t— ... —ap, 2z "

It is important to distinguish between the concept of ARMA model, which is the system described by
the first equation, from the concept of ARMA process, which is the the process v(:) generated from the
ARMA model, only in the case the generated process is stationary.

Again, the ARMA process is stationary if all the poles of W (z) are inside the unit disk.



Chapter 4

Frequency domain

4.1 Spectrum

Assume v(+) to be a stationary stochastic process, and v(7) to be its covariance function. The spectrum
is defined as:

1 = —JjwT
M@ =5- 3 (e

We can discard % since it is only a multiplicative factor.
Main properties
We highlight the single components of the spectrum’s expression.
D(w) = . +7(=2)e™2 + 4 (=1)etY + ~4(0) + y(1)e 7 + y(2)e 72 + ...
Because the covariance function is an even function, therefore v(—1) = v(+1), we have that:
A(=1)e5 4 y(1)e™ = (D[ + e77¥] = 29(1)cos(w)
By applying this operator to all the elements of the spectrum we obtain:
I'(w) = v(0) + 2y(1)cos(w) + 2v(2)cos(2w) + ...

Which is:

e a real function of the real variable w.

e an even function

e a periodic function with period T = 27

e I'w)>0

A NEA

1 +M

18



4.2. FUNDAMENTAL THEOREM OF THE SPECTRAL ANALYSIS 19

Note that w =27 f, and so w =71 <= f = 0.5, which is the maximum frequency in discrete time.
We can write the Fourier’s antitransformation.

+m
V(1) = F ()] 1/ I(w)e’™ ™ dw

:g .

In particular

Example
A2, 7=0

Let’s consider the case of a white noise, with covariance y(7) = {0 40
, T

The spectrum is
[(w) = 7(0) + 2y(1)cos(w) + 2v(2)cos(2w) + ... = ¥(0) = A?  (constant)

Example
Let’s consider the case of a MA(1) process.

v(t) = con(t) +ein(t —1)  with 5~ WN(0,\?)

We have:
(B+c)N2, 7=0
Y(7) = { coe1A?, T ==+l
0, T==xk |kl >1

Then we can express the spectrum as:
T'(w) = [(c2 4 2 + 2cocicos(w))| N2

For w = 0 we have:
[(0) = [c2 4 3 4+ 2coc1]A? = (co + ¢1)?\?

While for w = m we have:
(7)) = [c2 4+ ¢} — 2coc1]A? = (o — ¢1)?\?

I'(w) I'(w)

I d T g

(a) Low frequency (b) High frequency

Sometimes, for example for some ARMA processes, it is very hard to compute the covariance function.
In this case, instead of computing the covariance and, from that, the spectrum, we can apply the so called
"magic formula”, which will be shown later.

4.2 Fundamental theorem of the spectral analysis

Given an ARMA process with a transfer function W (z), an input n(t) ~ WN (0, \?) and an output v(t).
The spectrum can be computed as:

D(w) = [W() 222 = W ()W ()32
As a consequence T'(w) > 0.

We define the complex spectrum as

T=—00
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Then, by applying the magic formula, it can be rewritten as follows:
B(z) = W(2)W(z~HA\2
The real spectrum is equivalent to the complex spectrum evaluated for z = e/¥.
[(w) = ®(2)],_se

Example
Let’s consider the case of a MA(1) process with ¢g = ¢; = 1.

v(t) = n(t) +n(t 1)
We can compute I'(w) from:

1. The definition
2. The magic formula

3. A graphical procedure based on the magic formula

1. The definition

The covariance function is

2X2, 7=0
Y(1) = A%, 7=l
0, 7| > 1

The complex spectrum is
®(2) =y(0) + (D)2  + (=) +04+0+ ... = (2+ 2+ 27 1A
We can finally obtain the spectrum

[(w) = @(2)| = (24 €79 + *)A\? = (2 + 2cosw)\?

z=e ¥

2. The magic formula

The system’s behavior is
v(t) =) +nt —1) = (1+2"")n(t)

Then the transfer function is +1
W(z)=1+2"1= :

We can compute the complex spectrum, which is the same as in the previous point.

D(2) = W)W ()M =1+ 271+ 2)A2 = (2+ 2+ 27 HA?

3. Graphical study

We can compute the real spectrum from the expression of the transfer function

; 2
1 . JY 41
W(z) =2 LA [(w) = [W(e?¥)?A? = 6J+‘ 22
z eJv
Then, graphically represent numerator and denominator
- »
J [ ]

T I
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The denominator has modulus equal to to 1 for each w, while the numerator has modulus ranging
from 0 for w = 7 to 2 for w = 0.
Since the modulus of the transfer function is squared, the maximum value for I'(w) is equal to 4.

In general, suppose to have

Wi = s

which is an ARMA(1,1) process. We need to replace z with e/*

el + 5 _
elv +a

Up (W)
vg(w)

W(e) = p B

Vnlo)

We can draw  as a vector starting from —+v towards the origin, as shown in the previous figure.
By summing it with the e/“ term we obtain v, (w). When w ranges from 0 to 7, v,(0) starts from —~
an goes horizontally towards the right up to the unit circle; v, (7) starts from —v and goes horizontally
towards the left up to the unit circle. All the possible vectors in between starts from the zero (—v) and
reach the unit circle.

The same reasoning can be applied for the poles of the denominator.

This allow us to identify that when a vector going from the origin of the disk to the border, when it
reaches a zero, for that value of w, the spectrum |T'(w)| = 0; while when it reaches a pole, for that value
of w, the spectrum |T'(w)| = oo.

Note that from

and I o 4
W(z) = polynomial in z

~ polynomial in z

We have that I (o 4
() = polynomial in z ,,

~ polynomial in z
So, it is a rational function.

4.3 Multiplicity of ARMA models for a stationary process

Given a stochastic process, we want to find W (z) from ®(z). This problem is called spectral factorization
problem. In this case, there are infinitely many different ARMA representations for the same process.
Four examples can be mentioned:

1. Consider the following two systems

~(0 22 (0 i2 7
1n~(0,2%) W) v 7j !O,At W(z) 1Y
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and W(z) = 27 'W(z2) .
Then the complex spectrum for the second system is:

B(2) = W)W (DN = 271 W(2)zW (2~ 1)A2
We can simplify the zs and by taking A2 = A2 we obtain:
B(z) = W()W(z"HA? = d(2)
It is possible to generalize to
W(z)=2""W(z) = &) =3(z2)

2. By considering the same transfer functions, but linked by the relations

Then, we obtain:

D(2) =W()W(z"HA2 = lVV(,Z«)EVV(Z—l)o?A? =W()W(z"HA\% = a(2)

3. This case is the simplification of the rescaling seen in the previous point

~ z+0
W(z):Z+5

W(z)
It is trivial but sometimes the simplification may not be obvious.

4. Let’s now consider a transfer function with reciprocal pole and zeros:

z2 4+«
T =
(2) pZJré
Hence, the value for ®,,(z) is
_ z4+a z7l4+a 1+a?2+az+az7!
Dy, (2) = T(2)T(z" ) Puu(z) = p p———t Dy (2) = p? (2) = a?p* @y (2)

- P 1 1 1, 1,1 u
2+ 27 4 I+ 5+52+22

By taking p? = %, the output spectrum coincides with the input spectrum. For this reason, this type
of transfer function is called ”all pass filter”.

4.4 Canonical representation

Among the infinite representations of a transfer function, it is often useful to compute the canonical one,
which is a representation satisfying the following conditions, that correspond to the inhibition of the four
cases seen in the previous section:

1. Numerator and denominator have the same degree
2. Numerator and denominator are monic (the term with highest power has coefficient equal to 1).
3. Numerator and denominator are coprime

4. Numerator and denominator are stable polynomials: all poles and zeros of W (z) are inside the unit
disk

From a signal we can build the spectrum (or equivalently the covariance function). Once we have the
spectrum, we can derive the canonical spectral factor and, thus, solve the prediction problem.
Given a rational process, there is one and only one ARMA representation which is canonical.
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Important consequence

Given any transfer function with input u and output y, is it possible to invert the transfer function?
The answer is: it depends.

For example with W(z) = %, the inverse is W (z)~! = z and while the output y of the direct system
depends on the past of the input wu, the output y, since the roles are inverted, of the inverse system
depends on the future of the input u.

This happens because the degree of the denominator is greater than the degree of the numerator. But if
we impose the numerator and denominator to have the same degree, the transfer function is invertible.
The invertibility criteria requires also that the zeros and poles are inside the unit disk, so that also the
inverse transfer function is stable (it is said to be stably invertible).



Chapter 5

Solving the prediction problem

As we said previously, the prediction problem consists of predicting the value 0(t+r|t) of a signal v(t+1)
in a future time step ¢ + r from past values of v(+), i.e., v(¢t),v(t — 1), ... . r is called prediction horizon.
Suppose the signal is a stationary process as follows.

o]

In the following sections, two problem will be solved:

1. Fake problem: we assume to know the past of n(-). Hence, 9(¢t + r) will be computed given

2. True problem: 9(¢ + r) given the past of v(+)

5.1 The fake problem

By computing the long division between numerator and denominator of W (z) we obtain

W(Z) = 11)0 —+ 12)1271 —+ ’12)2272 =+ ...
We then have

v(t+1)=W(Ent+7r) = wont +r) + gt +r —1) + .. + Wp_1n(t + 1)+ Dpn(t) + gt — 1) + ...
a(t) B(t)

Given that we know the past of n(-), then 5(t) can be computed.

Regarding «(t), we cannot know its values of 7(-) because that would mean to know the future with
respect to t. Furthermore, since 7 is a white noise, the knowledge of the past doesn’t give any hint about
possible future values. So, a(t) is fully unpredictable and the optimal fake predictor is

O(t + r|t) = B(t) = wrn(t) + Wrpin(t — 1) + ...
The prediction error is
vt +r) =0+ rt) =0t +r) it +r—1)+ ...+ Wt + 1) = at)
Varle(t)] = (W2 + 0% + ... + w2_,)\?
Note that the variance of the error increases with 7.

24
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5.1.1 Practical determination of the predictor
(t+r[t) = en(t) + W an(t — 1) Fbpgon(t —2) + .o = (W +0rg12 F oz 2+ .0 )0(t) = We(2)n(t)
Starting from the result of the long division we have:
W(z) =g + 12"  + o+ lp12 T 2 g1z T
=g+ 2 12T T 2T (W W12 F g0z L)

=Wg+ w2z 4 ez T z_TWT(z)

Example
Consider the following an AR(1) process:

v(t) = av(t — 1) +n(t)
the transfer function is a canonical factor:

A z

W(z) =

z—a
To compute the 1-step predictor we first perform the long division

z zZ—a

We then obtain

WE) =1+ —— =142 = i) =2
z—a z—a z—a
The 2-step predictor is computed as follows:
z z—a
z —a 14+az7!
/ a (5.2)
a —a%z7t
/  a?zt
We then obtain ) )
W(z)=14az"t + 272 azcz o Wa(z) = @z
— z—a
By generalization
A a’z
W, (z) =
(2) = —

12X2, forr=1
(12 +a®)\%, forr =2

Varle(] = (12 +a? +a*)X\2, forr=3

5.2 The true problem

In the true problem we want to find the predictor from the data, i.e., from the past values of v(-).
Suppose we have the following system, with the first block called whitening filter, and the second being
the optimal fake predictor. The combination of the two transfer function will be the transfer function of

v(t) W(2) E(t)~WN(0, ,12)= W) v(t +r|t)
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the oprimal r-step ahead predictor from the data.
W,(2) = W(2)W,(2)
Suppose having the canonical spectral factor

W(z)zig; S (e = AG)

While the fake optimal predictor is obtained from the long division

W,.(z) =

a6)

Thus, we the optimal predictor from data is

T C() A Cz)
The optimal predictor from data is obtained from the optimal fake predictor by replacing its denominator
with the numerator of the canonical spectral form.

Example
The usual AR(1) process:

The optimal 1-step ahead predictor is

Wi(z) = —= We) = —— = Wl(z):%za

zZ—a zZ—a

Hence
0(t + 1)t) = av(t)

Coming from a process

v(t+1)=av(t)+ n(t+1)
——

unpredictable

The optimal 2-steps ahead predictor is

Coming from a process

v(t+2) = av(t + 1) + n(t +2) = a(av(t) +n(t + 1)) + n(t +2) = a®v(t) + an(t + 1) +n(t + 2)

unpredictable

By generalization
O(t+rlt) = a"v(t)

Example
Let’s consider the ARMA(1,1) process

v(t) =av(t — 1) +n(t) +en(t —1)

Note that the coefficient of 7(t) is directly 1 for simplicity, sooner or later, the coefficient would have
been forced to that value to obtain a canonical form.
The process in operator form is:

A(z)=1—az"? Cz)=14cz! A(z)v(t) = C(2)n(t)

The process transfer function is
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Let’s apply the long division

C(2) A(2)
A(z) 1 (5.3)
C(z) — A(2)
C(z) o C(2) = Al2)
V=3 =1 —am ¢

optimal 1-step ahead
fake predictor W1 (z)

The optimal 1-step ahead predictor from data is

Wi(z) = C(Z)szf(z)z
By going back to the time domain
O(t + 1)t) = Wi(2)v(t) = C((2’2;{234(2)zv(t)

We move C(z) to the left-hand side of the equation
C(z)o(t+ 1Jt) = (C(2) — A(2))zv(t) = (C(2) — A(2))v(t + 1)

The last equation is apparently contradicting the initial assumptions, because we are relying on v(t + 1)
to predict ©(t+ 1|¢). But since in this case C'(z) and A(z) are monic, by replacing them with their values
we have

A4cz Dot +1t) = 1L +czt =14+ az Dot +1)t) = (a + )z ot + 1|t) = (a + c)v(t)
Finally, the expression of the estimate is
ot 4 1]t) = —co(t|t — 1) + (a + )v(t)
The variance of the prediction error is
Varfv(t 4+ 1) — o(t + 1]t)] = A?

In general, given the canonical form W (z) = 1+ 271%% with A(z) =1—a127 ! —azz72 — ... and

C(2) =1+ 1271 + c2272, from the equation
Cz)o(t+1Jt) = (C(z) — A(2)v(t + 1)
we can derive a general solution
O(t+1t) = —c10(t|t — 1) — ea0(t — 1|t — 2) — ... 4+ (a1 + ¢1)v(t) + (ag + c2)v(t — 1) + ...

Shortcut for predictor computation

The equation for computing the predictor can be obtained with a simpler process.
If we add and subtract C'(z)v(t) from the definition of the transfer function

A(2)u(t) £ C(2)o(t) = C(2)n(t)

then we can divide by C(z) and obtain the predictor by removing the white noise term, since it is
completely unpredictable

v(t):cisz(t)Jrn(t) = o(tlt-1)=
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5.3 Prediction with exogenous signals

Let’s suppose that the signal we want to predict depends also on another input variable u(t), called
exogenous variable. Differently from 7, it is a deterministic variable.

Example (ARX)
In case of constant exogenous variable we have

v(t) = av(t — 1) +u + n(t), n(t) ~ WN(0,\?) = u+n(t) ~ WN(u, \?)

With mean value
m=FE[it)]=am+u+0 = m=

We can define a new process 9(t) = v(t) — m (debiased). Then we have

o(t)+m=a(0(t—1)+m)+u+n(t)
We can simplify some terms

(t)=av(t—1)+am—m+u+n(t) =ad(t—1) +n(t)
The predictor for the debiased process is obtained by the usual removal of the white noise term
o(t)t —1) = av(t — 1)
By substitution we find the expression of the predictor of the original process
ot —1) =o(tt—1)+m=av(t —1)+am+m=av(t —1)+u
We can generalize the problem for a 1-step predictor for
A(z)o(t) = C(2)n(t) + B(z)u(t)

is given by

C(z)o(tlt — 1) = (C(z) — A(2))v(t) + B(z)u(t — 1)

5.3.1 ARX process

In the same way an AR model of order n is defined as
v(t) = av(t — 1) + agv(t — 2) + ... + apv(t — n) + n(¢)
An ARX model of orders n,,n is defined as
v(t) =av(t— 1) + ... + an vt —ng) + Dru(t — 1) + ... + by, u(t — ng) + n(2)

In operator form
A(z)o(t) = B(z)u(t — 1) +n(t)

With the transfer function from wu(t — 1) to v(¢) equal to ﬁgzg and the one from 7(t) to v(t) equal to

AT A Tl

+J y“-)

w (f-1) ! ' ke
TN e R )

h N
ps
N
Ny
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5.3.2 ARMAX process

It is a process defined as

A(z)v(t) = C(z)n(t) + B(z)u(t — 1), n ~ WN(0,\?)

The system can be represented with the Box&Jenkins model in which the white noise is considered as
a disturb and G(z) is the effect of the exogenous variable

y(t) = G(2)u(t) + W(z)n(t)
So if the ARMAX process is described as
A(2)y(t) = B(z)u(t — 1) + C(2)n(t)
By summing a subtracting C'(z)y(t) we obtain the respective predictor
Cl2)y(t) = (C(2) = A(2))y(t) + B(z)u(t — 1) + C(2)n(t)
We divide both sides by C(z)

C(z) — A(z) B(z)

W) = E )+ gl =1) ()
computable from the past values of y and u
The predictor is
it = 1) = Sy 4 Z - )



Part 11

Identification

30



Chapter 6

Prediction Error Minimization

(PEM) methods

The identification problem consists of estimating a model from the data. Assume having a system with
input u(-) and output y(-), we would like to work out a model from their measurements.

Given a model, we can compute its output and compare it with the real output, to determine the
prediction error:

e(t) = y(t) —g(tft = 1)

The goal is to obtain a prediction error which is both minimum and a white noise. The latter condition
means that we cannot further improve the model because the error is completely unpredictable.

As we will see in Section [7] this step is followed by an analysis of the model complexity, to make sure
that the model is able to generalize to new, unseen data.

The usual steps of the identification process are the following:

1. Data collection of the two series of data, u(1),u(2),...,u(N) and y(1),y(2),...,y(N).

2. Choice of the models family, represented as {M(6)|0 € ©}, where 6 is a vector of parameters.
We usually have AR and ARMA for time series; ARX and ARMAX for systems.

3. Choice of the optimization criterion: after computing the family of models in prediction form

M (0) and its resulting prediction error, we choose the optimization criterion, like the mean squared
error
1

J(0) = eo(t)?

HMz

t=1

~—

N
where e¢(t) is the prediction error of model M(6). Other criteria are possible, e.g., the mean
absolute error

1

J(0) = ~

|20 (t)]

] =

t=1

4. Optimization, in which the minimization is performed and the values of the model parameters
are obtained

N
1
0 _ . . . 2
= minJ(0) = min tEZI eo(t)

5. Validation: we need to perform a final analysis of the results, to evaluate if they satisfy our
requirements. In the case of negative results, the choice of a new family of model may be necessary
and the identification process has to be conducted again.

6.1 Least Squares method
It is the simplest method and it considers, as a family, all the ARX (or AR) models:
M) :y(t) = a1yt — 1) + .can, y(t — ng) + bru(t — 1) + ... + up,u(t — np) +n(t) = 0'o(t) + n(t)

31



32 CHAPTER 6. PREDICTION ERROR MINIMIZATION (PEM) METHODS

Where 6 is the parameter vector and (¢) is the observations vector:

ay y(t—1)
0 — al;zla <,0(t) _ yqfft:ztl))
b,.lb u(t _ np)

We can construct the prediction form of our family of models by simply removing the white noise term:
M0) : §(t) = ary(t — 1) + e, y(t — ng) + bru(t — 1) + ... + un,u(t — ny) = 0'p(t)

We can solve the minimization problem by finding the parameters 6 for which % =0.

=% D 2(y(t) — 0'p(t)) o(t)
2 P ad
-—= (Z y(te(t) = > 0’¢(t)s0(t)/>

Let’s impose the derivative equal to zero.

N N
D y®e) = 0ot)e(t)

Notice that by swapping the two sides of the equations we obtain the normal equations Az = b

N N
D et =3 y(t)p(t)
t=1 t=1

Finally we have our parameters estimate

N
0= [Z so(t)w(t)’l >yt

We need to verify that the found point is actually a minimum, by checking if 82‘(],(29) is positive.
Remember that BQBJQ(QQ) is an N x N matrix with the (i, j) entry defined as
0J(0)

,=1,...,N;5=1,..,N
aelaej ? ) ) ) PR

In our case we have N
0%J(6 2
rio_2 (Z w(ﬂw(ﬂ’)
t=1

Note that the last matrix is positive-semidefinite. A
If we compute the Taylor series of J(#) around the solution 6 of the normal equations we have
aJ A 1 ~, 0%J

J(9)=J(é)+% (0-0)+50-0) 5

6 —0)+...

) ]
Since J(#) is a quadratic function, all the terms corresponding to a derivative greater that 2 are equal
to zero, and since we imposed the first derivative to be zero we obtain
A1 ~,0%J(0) .
JO)=JO)+ =(6 -0 0—0
(0) = J0) + 50— by =P 0~ b)

2
But since we have said that 2 6{9(20) is positive semi-definite, we have two possible cases:

1. if the matrix is positive definite, J(6) is a paraboloid with vertex in 6

2. if the matrix is positive semi-definite but not positive definite, we have infinite solutions, as shown
on the right-hand side of Figure [6.1
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J®)

~. .
9, 9,

U,

4

b @)

Figure 6.1: Possible shapes of J(#): on the left-hand side if the matrix is positive definite, on the
right-and side if the matrix is positive semi-definite but not positive definite

6.2 Identifiability

Now we can ask if the LS estimate is unique, which is called identifiability problem.
Let’s consider the matrix R(NN) defined as:

If the matrix is positive semi-definite, it is also invertible, then the normal equations have a unique
solution.
In an ARX(1,1) process we have:

0000 =10 1) It = 1) ute =] =

yt—1)% gyt —Du(t - 1)‘
u(t— 1yt —1) u(t —1)2

Hence, R(N) can be defined as:

+ t
%Zu(t—l y(t—1) %Zu(t—l)2

Note that the two elements on the diagonal are respectively the sample variance of y and the sample
variance of u. B
If we bring N — oo we can derive R:

Yyt —1)? }VZy(t—l)u(t—l)’

Re | fon

Yyy(0)  Yyu(0) ’
Yuy (O> Yuu (O)

We can generalize the problem to a generic ARX model with

y(t—1)

o 1

u(t — np)
Then, Ry, is a Toeplitz matrix:

Yuu(0)  Yuu(1)  Yuu(2)

_ Yuu(1)  Yuu(0)
Ruu - .

'Yuu(2)
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Inside each diagonal (not only the main one), the elements are the same, and inside the main diagonal
we have the variance of u.

Ry, is the same, with y instead of w.
Finally R is ~
R= ’Ryy

uw

Thus, a necessary condition for the invertibility of R is that R, is invertible, in which case, u is said to
be persistently exciting.

Example
In the case of u(-) ~ WN (0, A\?) then, we have:
'Vuu(o) 'Vuu(l) Yuu (2) s A0 0

Ruw = Y1) 7uu(0) (1) =10 X2 0 .| =NT

A2 is always invertible, so, the signal is persistently exciting for every possible order of the model.

Example
We have a system S described by the true transfer function

(z+0.5)(z + 0.8)

GOz) =

The generating mechanism of the data, i.e. the true transfer function, is unknown. Therefore, we can
try by considering the following family of models

y(t) = ary(t — 1) + ag2y(t — 2) + azy(t — 3) + byu(t — 1) + bau(t — 2) + n(t)

and the vector of parameters is
ay

0= as
b1
ba

Suppose, for example, that u is constant. We cannot identify the poles and zeros because the output
would be constant as well. In fact, R,, is not invertible, meaning that there are infinite many models
providing the same estimate.

However, even if u is not constant, we have chosen a model which is oversized with respect to the true

transfer function.

6.3 Estimation of mean, covariance and spectrum

The true generating mechanism y(¢) is usually not known, but we have the data y(1),y(2),...,y(N)
collected from its realization.

For the same reason we don’t know the real value of the mean, the covariance and the spectrum, but we
can compute their estimated values from the data.

The estimate can be computed either directly from the data, or by finding a suitable model which
represents the generating mechanism through the identification process and then by estimating the
spectral properties of that model.

In this section we will refer to a generic estimator from the N data (e.g. the sample mean or sample
covariance) as Sy .

Correctness

Sy is a correct estimator if
E[§N} =35

That is, the expected value of the estimator is equal to the probabilistic mean to be estimated.
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Consistency

SN 1s a consistent estimator if
Var[sy)] >0 as N —

That is, the estimate error variance tends to zero as the number of measured data tends to infinity.

6.3.1 Mean value

It is possible to prove that the sample estimate of the expected value described as

1N
my = N;y(z)

is correct:

and consistent:

Var[my] = E[(ran — m)?]

6.3.2 Covariance

For sake of simplicity, we assume a zero mean process.
We want to consider sampled estimators which have the main properties of the covariance function, such
as:

1. Positive, i.e. v(0) > 0
2. Even, i.e y(7) = y(-7)
2(0) > ()| ¥ £0

4. Has positive semi-definite Toeplitz matrix

w

Two different estimators are possible:

) = 3 v+ )

N—|7|
() = g7 X vti+ i)
i=1

Properties 1, 2 and 3 are satisfied by both the estimators. Regarding property 4, a matrix is positive
semidefinite if there exists a matrix T such that M=TT".
If we define
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Note that
1

=TT >
N >0

NN =1) An(N—=2) ---4n(0)
Which is valid only for estimator a, hence estimator b does not satisfy property 4.
On the other hand the estimator a is not correct:

N—|7|

R 1 . N — |7
B =~ | S vl +1e| = AT #4(0)
i=1
However, it is asymptotically correct
R N — |1
E[yn(T)] = N‘ |'y(T) — (1) as N — 400
While estimator b is correct for all N:
N—|7|
1 . N —|7]
EAN(T)] = w5 F y(@y(i+|r])| = y(1) =(7)
At | 2 N—]

Both the estimators are consistent in case of stationary ARMA processes.

6.3.3 Spectrum

To obtain a sampled estimator of the spectrum we repeat infinitely many times the data series

This series is a periodic signal, which can thus be written as the antitransform of a signal ay:

1 K
y(t) = ﬁ Zakej‘”’“t where wy = 27TN
k=1

In other words, the periodic extension can be seen as the sum of N sinusoids, with periodicity given by

w= %’r, %”2, -+, 27 and periods T' = %’T =N, %, .-+, 1. The amplitude of such armonic components is

N
1 .
ae = —= Syt
VN =

In particular, |ax|? is the power of each of these armonic components of the signal. This defines the

periodogram:

y(t)y(s) e Ierteions
1

I(wi) = |ax|* =

=2~
M=

t

1

N

T
I

y(t)y(s) et
1

rMZ

s |
SN E SRR Py

1-N

3
Il

covariance estimator of type a

—JjwiT

= An(T)e
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Note that the expression of I" is very similar to the definition of the spectrum.
As an estimator, it is asymptotically correct:

E[l'(w)] = I'(w) as N — 400

and not consistent R
Var[l'(w)] — T(w)? as N — +oo

The problem of the inconsistency can be tackled using the Bartlett method.

6.3.4 Bartlett method

Given N data (with N "large”), we divide the data series in r non-overlapping sub-series of length
N="(N>>r).
We then obtain one periodogram for each sub-series

i(4) ;
Iy () A

We compute the average periodogram:

Under the assumption that the data of different sub-series are uncorrelated between each other (that’s
why N >> r is needed), then

Varll' y (w)] ~

(W)

The uncertainty is now significantly reduced.

6.4 Gain of a dynamic system

Let’s consider a generic dynamic system described by the transfer function

If u(t) = @ is constant, and the system is stable, we expect y(t) = § to be constant as well. Then, the
value

is the gain of the system, and we would like to compute it from G(z).
We have

Suppose D(z) to be:
D(2) = doz" 4+ d 2" + ...

Then,
D(2)y(t) = doy(t +n) + diy(t +n—1) + ...

If the output is constant:

D(Z)y(t) =doy +diy+ ... = (do +dy + )g = D(Z)|Z_1 Yy

In the same way:
N(z)u(t) = N(2)|,_, @
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We can combine the two expressions as:
D(z)|,o1 9= N(2)|,-, @

The gain can be finally computed as the transfer function evaluate z = 1:

LT NG

a  D(2)|,_,
Example
Assume that the data are generated by

z z

GY(2) = =
) = CFosGT08 ~ Zrissrod
the true gain is:
0 1 1
B =3 1104 27

There is only one zero at z = 0 and two poles at z = —0.5 and z = —0.8, hence, the system is stable.

We want to identify this system and we write it as an ARX model:
M) :a1y(t — 1) + ay(t — 2) + bru(t — 1) 4+ n(¢)

The transfer function of M is

-1 b1z

G(2)

2 22

1—a1z7! —agsz™ — a1z — as

Note that G(z) = G°(2) if by = b} =1, a; = af = 1.3 and as = a) = 0.4. We need to estimate the value
of these parameters from the data.

Starting from the measurements at times t = 1,2, ..., N, we can find 6 by solving the normal equations.
Let’s consider two cases:

Case A

u(t) = @ is constant and thus the output y(t) = § is constant, too. The observation vector is

p(t) =

NSNS

The R = 3" ¢(t)p(t) matrix is singular (i.e. not invertible).
The only information we can obtain is the gain of the system

71—&1—@2

Q<

M =
In fact, there are infinitely may combinations of parameters that give as a result the observed gain.

Case B

u(t) ~ WN(0,)?) is a white noise and thus () is a stochastic process. The parameter estimation with
N samples is

A N -1 N
Oy = (Z w(t)w(t)’> > elt)y(t)

We have that for N — oo R
9]\[ — 90

Let’s now consider another possible model class

M :y(t) = a1y(t — 1) + agy(t — 2) + asy(t — 3) + byu(t — 1) + bau(t — 2)
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In this case, the parameters are not uniquely identifiable even if u is a white noise, because the model
class is oversized. The model transfer function has the following structure:

Z(b1Z + bg)
C )C HC )

The denominator has degree equal to 3, while that true transfer function’s one has degree 2. In order
to have G(z) = G°(z) we need to perform a simplification between the numerator and a factor of the
denominator. The number of these simplifications is infinite, so infinitely many equivalent models are
possible.

A possible way to identify cases in which the model is too complex is by inspecting the poles and zeros
of the estimated transfer function and checking if there are poles very close in value to some zeros and
by performing the simplification. We can summarize the concepts of identifiability seen so far by saying

G(2)

T

TN
1

that R is invertible if and only if the following conditions are satisfied:

1. Experimental identifiability condition: the input is persistently exciting with an order greater
or equal to the number of parameters n;, associated to u, to be estimated. It depends on the
experiment performed.

2. Structural identifiability condition: there are no simplifications. It depends on the complexity
of the adopted class of models.

6.5 Maximum Likelihood methods

This method differs from the Least Squares method because it is based on a different class of models,
ARMA (or ARMAX) instead of AR (or ARX). This means that there is no more linearity in the param-
eters and no normal equations.

For the ARMAX family we have:

M : A(2)y(t) = B(2)u(t — 1) + C(=)n(t)

where

AZ)=1—a1z7' —agz™2 — ...

Cz)=1+ciz 4z 2+ ..
B(z) = by +byz™t + ...

The vector of parameters of M is

/
0'=lar as .. an, by ba ... by, ¢ ca .. cp,|

A(2) B(2) C(z)
As in the previous case, we need to find a suitable 6 from the data, which is, as always, y(1),y(2), ..., y(N),

w(1),u(2),...u(N).
The performance index based on the prediction error still can be the mean squared error

L&
= — )2
J N;w()

Differently from the LS method, the function is now non-convex. Iterative methods, such as the Newton
method, can be used to solve the minimization problem.
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6.5.1 The Newton method

Let’s suppose, without loss of generality, that 6 is a scalar. The method is based on approximating J
with a quadratic function V(). The minimum of this function for the 7" iteration is considered as the
estimated vector of parameters §("+1) of the following iteration.

By letting r — oo we obtain the minimum 6. But there is no guarantee that the minimum found is a
global minimum. One simple method to deal with this problem is to execute multiple times the algorithm
with different initializations and take the best among the different runs.

If you consider a quadratic approximation, the approximating function can be obtained by the Taylor
development:

) 02J(0)
962

0.(0)

V()= J(0)|g—pr + 50

0 —0m)
9=06(r)

0 —6M) + %(9 -0

0=0(r)
The minimum of this function is computed as follows (Newton formula):

—1
p(r+1) _ (r) _ (82J(9) > d.J(0)
9—0(r)

/

06? 00

0=07

The first and second order derivatives of the error with respect to the parameters, in the case of Mean
Squared Error, are respectively:

2J(0) 2 N 0e(t) 0e(t) 2 82¢(t)
907~ N <200 o0 2=

The second term is usually neglected for simplicity.
We can define the vector

By replacing the expressions of the derivatives into the Newton formula we obtain the Gauss-Newton

formula:

N
prr+1) — g(r) 4 <Z ¢(t)¢(t)’> PIRUGE)
t=1 t=1

If we change it a little, the formula resembles the normal equations:

N N
1{ptr+1) _ p(n) — c
gywww(e o)) PBUORY)

|
0 y(t)

Let’s see how to compute €(-) and ¥(+) from the data, by considering the following models family:
M : Ay(t) £ Cy(t) = Bu(t — 1) + Cn(t)

From that, we obtain:
Cy(t) = [C — A]y(t) + Bu(t — 1) + Cn(t)

The output’s expression is:

Cc-A B
y(t) = == y(t)+ Zult = 1) +n(t)
past of y past of u

C and A are monic polynomials, so we have:

C=14c2 +e272+ ...

A=1—a12" " — ayz72

Thus, C — A is:
C — A = (a1 + 01)2’71 + (a2 —+ 62)272 =+ ...
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Note that the known term is absent, so it is a function of the past time points.
The predictor is computed as usual by dropping the white noise term:

i = 220 + St - 1)

We multiply by C' on both sides
Cy(t) = Cy(t) — Ay(t) + Bu(t — 1)
We move the Cy(t) term on the left-hand side:
Cly(t) —4(t)) = Ay(t) — Bu(t — 1)
e(t)
Finally the prediction error equation for iteration r is:
CWet)) = AW yt) — BDu(t —1)
The following steps outline the entire iterative process to find the estimate 0 of the parameters:
1. At iteration 7 we have the estimate 8(") of the parameters
2. From ("), obtain A")(z), B(")(z) and C")(2)
3. Filter the data with such polynomials to obtain e(t)(")
4. Filter the data to obtain ()"
5. Use Gauss-Newton formula to compute 6(r+1)
6

. Repeat until convergence

6.6 Performance of prediction error identification methods

If we construct the prediction error as usual as:
eo(t) = y(t) — o (t)

Both y(t) and §p(t) are sequences of points. This means that the performance index depends on the
specific points that are provided. To highlight it, we add the subscript V:

1 N
In(0) = 5 D" co(t)’

Then also the estimated parameters On depends on the data points.
If the prediction error can be seen as a stationary process, then, under mild conditions, we expect that
with N — oo

IN(0) = J(0) = Eleq(t)’]
Note that .J(6) does not depend on the particular outcome of the random experiment.
If we assume 6 to be a scalar for simplicity and we represent the minimization functions of Jy(6)
depending on the number of data points N, as shown in Figure [6.2

e o Y Jls)
J;(e) ﬂb}
~ -\ Tuled //
- \
e“ > : '
6.:, 6.‘ \5:-—6:' é\u w K
- N - o

Figure 6.2: The set of minimum points for 6y for three increasing values of V. The right-most one is
for N = oo
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The higher the N, the closer the minimum values of Oy to each other for different experiments (i.e.
for different set of data points), up to when N — oo in which there is only a single function J(#) and
thus a single minimum value @ that doesn’t depend on the experiments outcome.

Since for finite N, Oy depends on the outcome of the experiment, it can be considered as a random
variable, so we expect that the random variable On tends, for N — oo to 6, where 6 is the result of the

minimization process of the asymptotic performance index:
0 = min Eleq(t)?]

Example
Assume the data generator to be:

S:y(t) =a’y(t —1)+n(t),  withn(-) ~ WN(0,\?)

Where ag is a "true” parameter. Let’s suppose |a’| < 1 so that y(-) is a stationary process.
We consider the model:
M) : go(t) = ay(t — 1)
In this case the vector of parameters reduces to a vector with a single value 6 = [a].
We estimate an with the Least Squares method. The vector of observations has size 1 x 1

o(t) = [y(t —1)|
The normal equations can be written as
N N
Syt —1)20=> y(t— 1)yt
t=1 t=1

The parameters estimate is
N .
% > Y= Dy(t) _ Yyy (1)
Flmyt—12  y(0)

Let’s consider the asymptotic performance index

J(0) = Eleq(t)?]

0=a=

If g¢(+) is stationary, then E[eq(t)?] does not depend on t.
In this case the prediction error is:
eo(t) = y(t) — 4(t) = a®y(t — 1) +n(t) —ay(t — 1) = (a’ —a)y(t — 1) +n(t)
eo(t)? = (a” — a)*y(t — 1) + n(t)* +2(a” — a)y(t — 1)n(t)
Eleg(t)’] = (a° — a)*Ely(t — 1)*] + X* + 2(a° — a) E[y(t — 1)n(?)]
y(t — 1) is a function of n(¢t — 1), n(t — 2), ... so it is uncorrelated with n(¢t) and E[y(t — 1)n(t)] = 0.
The performance index can be written as:

J(0) = (a® — a)®y,y(0) + A°

For N — oo, ay — a°, until, for a = a® we have that J(0) = \2.

In general, if the family of models contains the data generation mechanism S, i.e. 30 such that M (0) = S,
then the minimum of the performance index is obtained for a 6 coinciding with the true parameter.
Note that there may be a multiplicity of points of minimum A. In that case @ coincides with one of
them. In this case, it may be useful to downgrade the complexity of the model to obtain a unique value.

Example
Let’s solve the previous example, but with a slightly different computation.

J(0) = Eleq(t)?]
= E[(y(t) — ay(t — 1))?]
Jo(t)
= E[y(1)*] + *E[y(t — 1)’] - 2aE[y(t)y(t — 1)]
= Yy (0) + a7y (0) — 2a7,, (1)
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We want to find the minimum with respect to a, so we compute its derivative:

oJ
90 2a7(0) — 27y, (1)

By setting its value to zero, we derive the Yule-Walker equation:

aYyy (0) = Yyy (1)

Finally, the same expression is obtained

~—

Yy (1
Yyy (0)

a=
Example
Now consider as data generation mechanism a MA(1) process, as follows:
S y(t) =n(t) + Pyt — 1), n~ WN(0,\?)
The family of model is the set of AR(1) models:
VL () = ay(t — 1)

Again, the only parameter to be estimated is § = a.

The set of models does not include the data generation mechanism. It may happen since the data
generation mechanism is not known.

Knowing that in MA(1):

'Yyy(o) = (12 + 302)/\2
Yyy(1) =1- N2
Yyy(2) =0

As we have, seen, the parameter can be estimated as:

2
Yy (1) _ ?
Yyy (0) 14 02

The estimated parameter is not the true one, but it is the best proxy model in the chosen family.

_ S
N T Ha(y
ms) bist
fomly of mecles, P&")}Y

a =

AR(Y)

6.7 Validity test of the estimated model

We would like to check if the family of models does not include the data generation mechanism. It
basically consists of detecting if the prediction error is a white noise.

Case A

S:AR(1) : y(t) = a®y(t — 1) + n(t)
M :AR): g(t) = ay(t —1)
with the prediction error identification method, the estimate a tends to a®.

i) = W) =a’yt-1) = et)=n(t), n~WN
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Case B

S MAQ) :y(t) =n(t) +  nt —1)
M :AR(1): g(t) = ay(t —1)

0

As seen before ay — a = H‘_:W

Consequently,
0

N ¢
e(t) =y(t) —gt) =n(t) + "t —1) - ——  yt—1)
1+ Y N——
fn(t=1)m(t-2))
So its function of n(t), n(t — 1), n(t — 2) and, hence, it is not a white noise.

Example
Assume an ARMAX data generation mechanism:

S :y(t) = ay(t — 1) + b%u(t — 1) +n(t) + Pyt — 1)

And an ARX family of models:
M :g(t) =ay(t —1) +bu(t — 1)

The estimated parameters, for N — oo, are:

Varn

_ 0 0
~ T V)

l

bO

S
I

If ® =0, so that S is in ARX, then @ = a°.

6.8 Summary

We can represent the possible situations depending on the data generation mechanism S and the family
of models M(6).

1. If M(9) includes S, we have that S = M (6°)

crr(vs -
ﬁ Suv—2 8
)

M(e) S=9p(0%
POI’ 8c @

2. If M(6) does not include S, the model M(#) is the best proxy of S in the considered family of
models

3. There is a multiplicity of optimal models A that includes S
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modat Ja)

ot
'gphma‘ !

3 vwo o\aty

formatey of moss

4. There is a multiplicity of optimal models A that does not include S

v S

8., 4

6.9 Anderson Whiteness Test

If the model obtained through the identification process is actually the true model (i.e. M(f) = S) then,

the prediction error is a white noise.
The Anderson Whiteness Test allows to conclude (on a probabilistic basis) on the whiteness of the

prediction error.
We define the normalized correlation function:

i ) 5o

Y%(0)

The test is based on the following assumption: if the process generating the prediction error (t) is a
white noise, then for 7 > 0 (and for N >> 0), p(7) has the following properties:

L p(r) ~N(0, %)

2. 7)) L p(j) Vi#0
We can therefore consider p(7),7 = 1,2, ... as independent values of a gaussian variable.
So, the actual test for e ~ W N translates into a normality test, to verify that:

VNp(T) ~N(0,1) Y7 >0

ﬁ:

The probability that —3 < v/Nj(r) < f is given by the solution of the integral

POF

--‘:P—--
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The steps are the following:

1. Set a confidence interval a € (0, 1), possibly small. Compute S for which the area that underlies
the two tails of A'(0,1) is equal to a:

P(VNp< —B,VNp>pB)=a

2. Evaluate the number of samples of v Nj(7) ¢ [—f, 3] and denote it with N,.
If fe < a, where N is the number of samples of p(7) available, then e(t) is assumed white,
otherwise it is not.

6.10 Uncertainty in LS estimation

The Least Squares method is characterized by the following family of models:
M(0) = go(t) = 0'o(t)

Suppose the system S is represented by:
S y(t) = 0" p(t) +1(t)

Where 6 is the true parameter vector and n ~ WN (0,A2). If S belongs to the family of models:
S = M(6°) and there is a unique point of minimum, then we know that the estimate §y — 6° for
N — oo.

We can also give an estimate of the uncertainty of the estimation Var[éN — 0% = %)\QR_l, which is a

n X n matrix, where n is the total number of parameters to be identified. It tends to 0 as % and the

standard deviation tends to 0 as LN

We introduce the gradient of the prediction error with respect to 6 as

Yo(t) = 85;0@)

Then we define:
R(0) = Elta(t)va(t)']

which is an n X n matrix, too.

R(#) has to be evaluated at °, which is feasible given the initial assumptions.

A? is the variance of g4(t) for 6 = 6°.

If we inspect the terms along the diagonal of the matrix Var[é ~n — 0], the i*" element is the variance of
On.i — 6.

6.10.1 Evaluation of \? and R

We don’t have the real values of A\? and R, hence, we need to replace them with their surrogates obtained
from the data.
©(t) can be constructed from the data for any ¢t = 1,2,..., N. Then

Ry = %Z p(t)e(t)

t=1

We replace R with Ry. . R
For A? we can compute 6y, the corresponding prediction error €y = y(t) — o(t) On.
From that, we can replace A% with its estimate

=z

“ 1
AZ = N 69‘1\] (t)Q
t

Il
-
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6.11 LS procedure

Let’s put all the pieces together and summarize the typical procedure to perform an LS estimation.
1. We have the model §(t) = p(t)'8 = &' ¢(t)
2. Compute the matrix Zi\il o(t)p(t)
3. Check if it’s invertible, if so compute

N
Oy = [Z w(t)w(t)’] > elt)y(t)
t=1 t=1

4. Compute the prediction error of the estimated model
g5, () =y(t) — () On

5. Verify is . (+) is white: its covariance function should have values close to 0 for 7 = 1,2, ...

6. If £5 () is a white noise, compute

1% [é fao}—ip ii ) (t) B
ar |\Un =N Nt:190 ®

Example

S:y(t) = L.2y(t — 1) — 0.32y(t — 2) + u(t — 1) + 0.5u(t — 2) + n(t)

with n ~ WN(0,1) and u ~ WN(0,4) (uncorrelated).
We generate 2000 data points and perform an estimation with an ARX(1,1), ARX(2,2), ARX(3,3).

ARX(1,1)

The values and the uncertainty of the two parameters are é = 0.932(0.6%), b = 0.975(2.3%).
The performance index is J = 3.86 but if we perform the whiteness test of e5 (-), it is not satisfied.

ARX(2,2)

Now we have four parameters a; = 1.2(1%), dp = —0.32(3%), by = 0.98(1%), by = 0.48(3%).
J = 0.99 and the whiteness test is satisfied

ARX(3,3)

The values of the six parameters are a; = 1.19(2%), aa = —0.2(10%), é3 = —0.019(68%), by = 0.98(1%), by =
—0.49(5%), b3 = —0.016(120%).

J = 0.97 and the whiteness test is satisfied.

The parameters as and bs very close to zero and with high uncertainty. This is a strong signal that the
model may be too complex with respect to the data generation mechanism. Furthermore, there is no
advantage in using a more complex model since the value of J is only slightly different.



Chapter 7

Model complexity selection

In general an ARX (n,n) is a better fit to the data than an ARX (n — 1,n — 1) model, but wee need to
choose the best n in general.

7.1 Naive approach

If we simply compute the performance index for multiple increasing values of n we will see that is mono-
tonically decreasing with n, but the decrease after a certain point may be very small and also it may not
reflect in better performance for new unseen data.

7.2 Cross-validation

A better technique to find the best model complexity is by performing cross-validation, that is splitting
the data points into two sets, one that is used to perform identification, while the other is used exclusively
for the performance evaluation (validation set).

-

N,
u} ! b
7 - -- N
lu__/-\/'.'""" vl !
1CcA

By using this approach, we are ”wasting” some of the data, because they cannot be used in the
identification process. Other alternative approaches to overcome this problem will be presented in the
following sections.

7.3 Final Prediction Error (FPE)
The aim of the criterion is to evaluate

J(0) = El(y(t) — o(1))*]

which is the prediction error of model M () for all the possible sequences of data.

We estimate the vector of parameters On through the usual minimization process. This value depends
on the specific sequence of data used during the identification.

We want to compute the final prediction error:

FPE = E[J(0x))

which is a fair evaluation of the fitting capacity of model M (éN) in the identification procedure. The
minimum of FPE is appropriate to find the optimal complexity.

48
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7.3.1 Derivation of FPE
Assume the following data generation mechanism:

Styt) =o®)0° +n(t),  n~WN(0,N?)
The model is

Then the prediction error is
e(t) = y(t) — 4(t) = ()'0° + n(t) — p(t)'0 = p(t)'(6° — 0) +n(?)
Now we can compute:
J(0) = Ele(t)’] = El(e(t)'(6° = 0))*] + E[(t)*] + 2B (t)e(t)'(6° — )]

Since the elements of the observations vector ¢(t) are y(t — 1),y(t — 2),... the expected value of the
product between them and 7(t) is zero. Hence

J(0) = E[(6° = 0)'p(t)p(t) (67 — 0)] + A?
— (60 — 6 Elp(t)o(t))(6° — 6) + X?
= (0" - 0)R(0° — 0) + N\
For the obtained expression of J (0) we can derive the expression of FPE, through the use of Var[00—f0y] ~
FART = R= LA Var[(6° —0n)] L.
FPE = E[J(0y))
—0n) R(0° — O5)] + N2

= E[(#°
/\2 0 N\ 0 H 1—1/pn0 ) 2
= S EI0° = On) Var(6® — On] (6" — On)] + A

We define v = 60—y and then it can be demonstrated that E[v/Var[v]~'v] is equivalent to the number
of parameters n. The FPE can be written as:

n
FPE = — )2+ )2
bt

We replace A\? with its sampled version. The usual definition that multiplies the sum by % is not the
only one. Another possible definition is the following:

A2 = Nl_n > e(t)?

t=1

and we finally obtain the expression of FPE

N

N+n _ »
2 _
N N-nN & =y,

J(On)

Through this approach we are giving a penalty to the models with high complexity. The FPE function
is not monotonically decreasing, and the complexity corresponding to its minimum value can be chosen
as complexity of the final model.

7.4 Akaike Information Criterion (AIC)

The concepts of the AIC are the same as in the FPE case. The only difference is the index used for the
evaluation:

AIC = 1n(FPE) = In G i JS’J) =In(1+ —) —In(1 — %) +1n(J)
- N
) +1In(J) = 2% +1In(J)

=

n ( n

N N
The first term is the one regarding the complexity of the model, while the second is the one regarding
the fitting of the data.
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4 FPE

: J

Nottimo

7.5 Minimal Description Length (MDL)

Another option is a more parsimonious one, because its minimum is achieved for lower orders with respect
to the AIC case, which is the MDL:

MDL = (lnN)% +1nJ

As complexity increases, the information needed to describe M () is larger.



Chapter 8

Durbin-Levinson Algorithm

Suppose we are choosing the right complexity for an auto-regressive model AR(k) of order k. If we want
to compute the parameters vectors for each value of k between e.g. 1 and 100, then we would need to
invert 100 matrices of size k x k, which is an expensive procedure.

The Durbin-Levinson algorithm is a recursive algorithm that allows to compute the solution of an
AR(k + 1) starting from the solution of the AR(k).

8.1 From AR(1) to AR(2)

As an example, we will consider the passage from AR(1) to AR(2).
We have the following expression for the AR(2) model and we would like to obtain the values of a; and
ag, represented with a tilde to distinguish them from the AR(1) parameter a;

9(t) = ary(t = 1) + agy(t - 2)

we compute the covariance function v(7) of the AR(1) model using the Yule-Walker equations.

7(0) = ary(1) + A? (1)
7(1) = a17(0) (2)
v(1) = ary(r = 1), vr>1

Given (), then

(1) = A =7(0)—ay(1)

Now we can pass to the AR(2) model:

_ 5,2
BET(0
A= \3(1-a3)
2 = 13(1(2) — a (1)

Note that A2 < A\? and that a» = 0, i.e. AR(2) downgrades to AR(1), if 7(2) = a;y(1), meaning that
AR(1) fits v(2) as well. In that case we would have A* = X2,
Another important observation is that from the second equation A% can be negative, but it is not actually
the case, because if we compute the transfer function of the AR(2) model
1 22
G(Z) = = 3

a—a 27l —apz2

zZ° — a1z — ag

in the stationary case, the transfer function must be stable, i.e. the roots of 22 — a1z — as must be inside
the unit disk, meaning that |as| < 1 because it is a product of the roots.
The Durbin-Levinson algorithm extends to any order of the AR.

o1
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8.2 From k-1 to k

Consider the two models:
ARk —1) s y(t) = al Myt = 1) + ..+ a7yt — b+ 1) +9(t)

AR(K) s y(t) = alyt — 1) + ... + aPy(t — k) +1(t)

(k)
k

The parameter a, ’ is called partial covariance coefficient:

PARCOV (1) = a”
if the order of the ”true” AR model is n then
PARCOV (1) =0, VT >n

So, it can be used to derive the order of an appropriate auto-regressive model fitting the data.
It is parallel to the MA case, in which we have that

v(1)=0 YT >n

and we can determine the order by finding the value of 7 for which the covariance function goes to zero.
It can also used to determine if the model to be used should be an AR or an MA: if, at a certain point,
the covariance function goes to zero before the partial covariance does, the process is a MA, while if the
partial covariance goes to zero first, then it is an AR model should be used.



Chapter 9

Recursive Least Squares

All the algorithms seen so far are batch methods, that use all the data at once. Now we will see a
recursive method that is able to update the estimate by adding new data. The latter methods help to
overcome the limitation of when the data are coming some at a time.

The formula to compute the LS estimate in the batch version is

¢ -1
0; = (Z w(i)w(i)’> Zw(z‘)y(z‘)

We can define the first term sum as:

Now we want to find the relation between ét and ét_l.
We can split the second factor of the first formula

t t—1
> eliyli) = Z P()y(i) +e(t)y(t)
i=1 =1 :
S(t—=1)01—1

We can replace it into the initial formula
b= S [S(t = D1 + p(ty(®)

We can split S(¢) in the same way
t—1
St) = _eM)et) =D eli)e(i) + et)p(t) = St — 1)+ o(t)p(t)
' i=1
We update the formula again to obtain the parameter updating equation:
b= S0 [(S®) — p(e(t))Bi1 + oDy (®)]

= o1+ SO (1) [y(t) — 9(t) o]
=0, 1+ K(t)e(t)

where:
K(t) =St~ e(t) (gain)
e(t) = y(t) — (1) 01 (prediction error)
S(t)=S(t—1)+ pt)pt) (auxiliary matrix updating)

Note that if e(t) =0 = 0, =0;_1.
Ift — oo:

53



o4 CHAPTER 9. RECURSIVE LEAST SQUARES

e S(t) = oo (monotonically increasing)

e S(t)"1 =0

o K(t) =0

)
The last property is not always suitable, because the # may not be constant, but it may vary with time.
A possible variant of the LS method to tackle this problem is through the introduction of a p coefficient

in the parameters updating that allows to give more importance to the new data with respect to the old
one. In fact, p is called forgetting factor and it is applied in the auxiliary matrix updating term:

S(t) =puS(t—1) +ot)e(t),  with p e (0,1]

If p =1 the method is the normal LS estimation.
Ifp<l:

o at time ¢ : put~te(t) = (t)
o at time t — 1 : pt~ Vet — 1) = pe(t — 1)
o at time t — 2 : put~(De(t — 2) = p2e(t — 2)

The performance index is updated, too, as:



